The arrival direction distribution of ultra-high energy cosmic rays (UHECRs) is a key element to understand their sources and composition as well the galactic and extragalactic magnetic fields. The particles that arrive on Earth with energies above ∼ 50 EeV must be originated in sources nearby us as a result of the GZK effect. Furthermore, if these particle are protons and the magnetic fields along their propagations until Earth are not too large, we expect that their arrival directions are correlated with their sources. The cross-correlation used in cosmology is a good tool for studying such anisotropies in the cosmic ray data. In this work, assuming a proton composition, we modify the Landy-Szalay cross-correlation estimator in order to take into account the energy losses in the cosmic ray propagation due to its interaction with the background radiation. Using Monte Carlo simulations, we have compared its efficiency with relation to the original estimator, testing the correlation of the simulated events arrival directions with sources from the 2MRS catalog. We show that even in case of absence of significant signal, the modified estimator has the capability to constrain the proton fraction of the experimental data provided that the detection efficiency of the astrophysical scenario under consideration is maximal.
Introduction
The arrival direction distribution of ultra-high energy cosmic rays (UHECRs, particles with energy exceeding E > 10 19 eV) is an important observable to understand the origin and composition of such high energy particles as well as their propagations through the inter-estelar media.
As cosmic rays propagate, the highest-energy particles interact strongly with the ubiquitous cosmic background radiation and lose energy by photo-pion production, in case of proton, or photodisintegration in case of heavier nuclei. This mechanism, known as GZK effect, was predicted by Greisen [1] , Zatsepin and Kuz'min [2] more than 50 years ago and would produce a suppression of the particle flux above ∼ 50 EeV, resulting in a steepening of the energy spectrum. The Pierre Auger Collaboration reported a confirmation of this flux suppression beyond any doubt [?, 4] although its origin could also be due the maximum injection energy of the particles in the sources. If the GZK mechanism is responsible for this flux suppression, the highest energy particle should be produced in our local universe. Further, if they are protons and the galactic and extra-galactic magnetic fields are not to extreme, we expect that their arrival directions should be correlated with the clustered local matter distribution. Several searches for anisotropy aiming to correlate the arrival directions of UHECRs with astrophysical objects have been performed in the past [5, 6] and in recent years [9, 10, 11, 12, 13, 14, 15, 16] with different UHECR samples, statistical methods and source populations.
Let E f be the degraded proton energy at Earth after the propagation from the source with initial energy E i . Assuming a power-law injection spectrum, the attenuation factor ω GZK (z, E th ) is defined as the fraction of particles which originally had an energy above a given threshold E th that still have an energy above that value after traveling a distance z. A direct way to compute this factor is to follow the trajectories of many individual protons with initial energies distributed according a power law spectrum. Figure 1 shows the attenuation factor ω GZK (z, E th ) obtained with CRPropa 3 [17] for protons with different energy thresholds and injection power law spectrum dN/dE ∝ E −2.2 with a maximum injection energy of 10 21 eV.
By assuming equal intrinsic luminosity and homogenous source distribution, one finds that the fraction Ω GZK of the events observed above a given energy threshold which were originated in sources farther than a distance z is
For a given energy threshold, the GZK horizon R GZK is defined as the distance such that 1 − Ω GZK (R, E f ) = 0.9, being R GZK ∼ 130 Mpc for an energy threshold E th = 70 EeV and R GZK ∼ 200 Mpc for E th = 60 EeV. Therefore, the highest energy cosmic ray source distribution is generally assumed to be the local matter distribution. The local universe is well represented by measurements performed by the 2MASS collaboration which imaged the whole sky in the near-infrared (J, H, and K bands) [18] . A subset of the 2MASS catalog with the brightest objects (M k < −24.13) called 2MRS, restricted to |b| < 10 • to avoid catalog incompleteness from Galactic extinction [19] is an example of a good catalog for cross-correlation studies and is used along this work. It is a flux-limited catalog, that is, it contains objects up to certain apparent luminosity in the corresponding band. For this reason, it represents incorrectly the space distribution of sources, with much more sources at close distances than at large ones, because only bright sources are seen at large distances. In this work we restrict the analysis to sources with absolute magnitudes M < −25.0. The resulting sample is complete in distance for test the cross-correlation with events with energy above 70 EeV since the R GZK ∼ 130 Mpc is relatively small. On the other hand, for particles with E > 60 EeV, the GZK horizon R GZK ∼ 200 Mpc and the distribution of the number of sources for the samples selected with both absolute magnitudes do not increase ∼ D 2 , as it would be expected in case of homogeneous source distribution. Therefore, we complete these samples by including random isotropic sources such as the resulting distributions of the number of sources (n) are dn/dD ∼ D 2 .
A non-zero cross-correlation between UHECRs and a given catalog proves the anisotropy of UHECRs with no assumption on the relation between UHECR sources and the catalogue. LandySzalay have shown in [20] that their cross-correlation estimator has a smaller variance, optimizing the efficiency to detect possible anisotropies. However, assuming that the highest energy cosmic rays are dominated by protons originated in sources nearby us and that the magnetic fields are not too large, we claim that a modification in the Landy-Szalay cross-correlation estimator, in order to taking into account informations about the source distances, could by principle enhance its anisotropy detection efficiency.
Therefore, we modify the Landy-Szalay cross correlation estimator in order to take into account the proton energy losses along its propagation due to interactions with the cosmic background radiation. Section 2 presents a brief description of the Landy-Szalay estimator as well as a detailed discussion of our modification while section 3 shows a comparison of the anisotropy detection efficiency between the original and the modified estimator. The conclusions of this work are presented in the end of this paper.
Cross correlation analyses methods

Landy-Szalay estimator
The cross-correlation method is a technique designed to measure the clustering level of a certain set of directional data through correlation with another set of directions. This technique originally appeared in the context of cosmology aiming to quantify the clustering level of objects in the universe and today is a very useful tool in the study of anisotropy of ultra high energy cosmic rays.
There are several estimators to accomplish this task. The Landy-Szalay cross-correlation estimator between catalogues 1 and 2 is defined as 
A possible choice of a global estimator for the cross-correlation between samples D 1 and D 2 that takes into account the statistical penalty for searches in different angular scales is
where ω(θ ), < ω(θ ) iso > and σ iso are, respectively, the value of the estimator from the observed data, the average and standard deviation from the isotropic ω(θ ) expectations, all of them evaluated for a given angular scale θ . In practice we obtain the < ω(θ ) iso > and σ iso values using simulated isotropic skies with the same number of events and exposure of the data. N bins is the number of bins for searches in different angular scales θ .
Modified Landy-Szalay estimator
As mentioned before, in the context of ultra high energy cosmic rays, particles are subject to the GZK effect, which reduces the volume of the universe for the origin of such particles. Since the original Landy-Szalay estimator does not take it into account we propose here a modification in this estimator aiming to increase its detection efficiency, although we have to pay the price of assuming a primary composition. It consists in replacing the counting of the number of pairs between samples X 1 and D 2 by including a weight that depends on the distances of the sources from the catalogue D 2 :
where the index i runs over all elements of the sample X 1 (D 1 or R 1 in equation 2.1), j runs over all elements of the catalog D 2 , Θ(θ i j ) is the heaviside step function and θ i j is the angle between a pair of directions from X 1 and D 2 . The weight p j depends of the attenuation factor ω GZK (z, E th ) and, therefore, is proportional to the probability of a cosmic ray to reach the Earth with energy E > E th ,
where D is the distance from the astrophysical object and D max is the maximum distance of an object in the catalog. Notice that even with this modification, this estimator also vanishes when the sample D 1 is isotropic. The test of isotropy of the D 1 sample, taking into account the searches in different angular scales, is performed using the same global estimator χ 2 used for the original Landy-Szalay estimator, defined by Eq. (2.2).
Simulations and results
It is expected that a realistic set of cosmic rays contains a mixture of isotropic and anisotropic events, that is, signal and noise. Also, the number of events contained in each set is equally important for the analysis of anisotropies, due to the low flux of cosmic rays on the extreme-energy range. The impact of the combined effect of the dilution of the signal in the background and the sample size on the power of the test was evaluated for several sets of simulated events with energy thresholds of 60 EeV and 70 EeV generated from sources of the 2MRS catalog with absolute magnitudes M < −25.0. Due to the deflections in the galactic and extragalactic magnetic fields, we assume that only protons will be correlated with their sources. Therefore, the isotropic background is formed by the contribution of heavier nuclei to the cosmic ray flux.
The algorithm used to evaluate the detection efficiency is described in the following. First, the 2MRS catalogue is used to define possible sources of UHECRs. Among the sources, one is randomly chosen and a proton is accepted/rejected at Earth according to the attenuation factor ω GZK (D, E > E th ) and the exposure of the experiment. As mentioned before, we used in this work the exposure of the Pierre Auger Observatory, given by [22] .
The effects of the magnetic fields along the cosmic ray propagation are included by performing a gaussian smearing in the cosmic ray arrival direction with an angular scale σ = 5 o . This propagation process is repeated until we obtain the desired proton fraction f p of the simulated N events. The remaining 1 − f p events arrival directions are isotropically distributed in the sky according to the Pierre Auger Collaboration exposure. We performed this algorithm for different proton fractions ( f p = 20%, 40%, 60%, 80% and 100%) and total number of events (N = 20, 40, 60, 80 and 100). Figure 2 presents a comparison between the detection efficiency of the test as a function of the proton fraction f p for the original Landy-Szalay estimator (dashed lines) and our modified version (solid lines) considering a energy threshold of E > 60 EeV. The detection efficiency is defined as
, where N total is the number of simulated skies for a given scenario (total number of events and fraction of protons in the data set), i.e., the detection efficiency is the fraction of simulated skies for which the estimators χ 2 is larger than χ 2 iso,99% . The different colors show how the detection efficiency is changed by the total number of events N. One can see that, as expected, the detection efficiency is largely enhanced when we introduce a weight that depends on the source distance in the Landy-Szalay estimator. However, it is important to notice that differently from the Landy-Szalay estimator, our modified one depends on the assumed primary composition which makes more difficulty this analysis since, for instance, the results obtained by the Pierre Auger Collaboration indicate a larger fraction of heavier nuclei as the energy increases. On the other hand, we emphasize that the weight factor given in equation 2.4 could also be modified to taking into account mixed primary composition and/or different source luminosities. This will be addressed in a different work. Furthermore, a negative cross-correlation result using a real data set composed by N events, can be used to constrain the fraction of protons in the data for regions of this parameter (proton fraction) for which the detection efficiency equals 100%.
Conclusions
In this work we have modified the Landy-Szalay cross-correlation estimator in order to taking into account the cosmic ray energy attenuation due to interactions with the cosmic background radiation. By assuming that the cosmic rays are protons originated in sources located in our local universe, described by 2MRS catalog, we compared the detection efficiencies of isotropy tests by using the cross-correlation Landy-Szalay estimator with and without this modification. As expected, there is a large enhacement on the power of the test with the introduction of this modification estimator, although we have to assume a given primary composition. Nevertheless, one should notice that the weight factor added to Landy-Szalay estimator can be suitably changed so as to take into account a mixed primary composition as well as scenarios in which sources have different intrinsic cosmic ray luminosities. Finally, we also have shown that even in case of absence of significant cross correlation signal, the modified Landy-Szalay estimator has the capability to constrain the proton fraction of a experimental data set provided that the detection efficiency of the astrophysical scenario under consideration is maximal.
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